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Chemical Rate Constants in Nonequilibrium Flows

Naoual Belouaggadia* and Raymond Brunt
Universite de Provence, 13453 Marseille, Cedex 13, France

A new method of determination of dissociation and recombination rate constants in a vibrationally
nonequilibrium diatomic gas is proposed. This method is based on a hierarchy of characteristic times of
elementary collisional processes including translation-rotation-vibration exchanges and chemical trans-
formations. The corresponding Boltzmann equations are solved by a generalized Chapman-Enskog tech-
nique. Among the considered situations, the case of a relatively weak vibrational nonequilibrium com-
bined with an arbitrary (equilibrium or nonequilibrium) chemical regime may be treated completely, and
explicit relations for the rate constants and vibration energy removed in dissociation may be obtained.
These results are then generalized to any type of regime, excluding, however, very strong gradient zones.
Examples of the computation of rate constants are presented for various flows: Behind strong shock
waves, in supersonic expansion, and in a shock-tube end-wall boundary layer. These example cases all
exhibit a non-Arrhenius behavior of rate constants. For the strong shock case, the calculated values of
dissociation rates are compared to results obtained from other models.

Nomenclature
A, B, £>, F, G, H = coefficients of Chapman-Enskog

expansions
a, b, d, /, g, h = coefficients of Chapman-Enskog

expansions
C = specific heat
c = velocity of molecules relative to the

flow, v-u
E = mean energy per molecule
EV£> = vibrational energy lost per dissociation

act
e = vibration energy source term
/ = distribution function
gij = relative velocity of molecules i and j
gir - rotational statistical weight
/ = differential cross section
/, j = quantum numbers (/„ iv), (jn jv)
ir, iv = rotational, vibrational quantum numbers
/ = collisional term of the Boltzmann

equation
K = chemical rate constant
k = without subscript, Boltzmann constant;

with subscript, rate constant of
dissociation from a specific vibrational
level

M = Mach number
m — mass of a molecule
N = number of levels
n = density
P = Wang Chang-Uhlenbeck polynomial
p = pressure
Q = partition function
R = ratio of collisional integrals, yRly^
r = general spatial coordinate
S = Sonine polynomial
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t — time
u = macroscopic velocity
v = molecular velocity
e = ratio of characteristic times
e, = internal energy per molecule on level i
6 = reference flow time
£ = molar concentration
T = characteristic or relaxation time
cp = perturbation function
\\f = transverse coordinate through the

boundary layer

Subscripts
c = chemical
D = dissociation
e = boundary-layer edge
i = internal level, /„ iv
m, n, p = order of polynomials
o = stagnation conditions
p = molecules p
q = atoms q
R - recombination
t, r, v = translation, rotation, vibration
tr, trv = translation-rotation,

translation—rotation—vibration

Superscripts
0 = zeroth order of the distribution function

expansion
1 = first order of the distribution function

expansion
* = nondimensional quantity

= denotes an equilibrium quantity

Introduction

V IBRATION-DISSOCIATION and vibration-recombina-
tion coupling has been the subject of a great number of

studies, and an extensive review has been presented.1 The main
problem consists in determining the influence of molecular vi-
brational distribution on the values of dissociation and recom-
bination rate constants. The secondary, but very important,
problem is the reciprocal influence of dissociation and recom-
bination on vibration, particularly on vibrational temperature,
when it is possible to define this quantity.

482



BELOUAGGADIA AND BRUN 483

The numerous methods used to model vibration—dissocia-
tion coupling may be generally classified into two categories.
First, there are physicochemical studies that, based on a more
or less detailed analysis of dissociative collisions, deduce sta-
tistical properties like dissociation constants, vibrational en-
ergy lost per dissociation act, etc.2"6 The second category in-
cludes semiempirical models leading to simple formulas for
rate constants as functions of vibrational temperature.7"9 The
models from the latter category, because of their simplicity, are
of an obvious practical interest for computations of hypersonic
flows. Physicochemical nonempirical models can be more or
less physically realistic in spite of frequent restrictive assump-
tions. However, these models are generally more difficult to
incorporate into practical computations.

In this paper we develop a model of a completely different
type, because it is based on a kinetic approach to the problem
and on the Chapman-Enskog method of solving the Boltz-
mann equation, taking into account a hierarchy of character-
istic times of various processes.10 Because of variable time
scales of these processes, the Chapman—Enskog procedure is
nonunique, and it must be applied for each particular case.11

First, we analyze different solutions of the Boltzmann equation
covered by a classical Chapman-Enskog method. These so-
lutions correspond to weak or strong nonequilibrium situations
with regard to vibration and chemistry. To relax the assump-
tions and to widen the applicability range of the solutions, a
generalized Chapman-Enskog method is then constructed, al-
lowing the description of general cases of vibrational and
chemical nonequilibrium. The only assumptions remaining are
1) that the characteristic time of vibrational relaxation remains
shorter than or equal to the chemical time, and 2) that excluded
from consideration are strong gradient zones. Explicit formulas
for rate constants and vibrational energy consumption are de-
rived and incorporated into general conservation equations for
species and vibrational energy, thus closing the Navier—Stokes
set of equations for nonequilibrium flow. Practical examples
of nonequilibrium flows, including flow behind shocks, expan-
sion nozzle flow, and end-wall boundary layer illustrate the
vibration-reaction coupling and non-Arrhenius behavior of rate
constants.

General Equations for Nonequilibrium Flows
For a pure diatomic gas flow in a continuum regime, and

simultaneously in a vibrational and dissociation-recombination
nonequilibrium, the Boltzmann equation for the molecules p
on a quantum level /, including rotational ir and vibrational iv
levels, may be written as

(i)
Here, the translation-rotation tr, vibration v, and chemical c
collisional exchanges proceed on different time scales: rtr, rv,
and rc, respectively. For atoms q produced by the dissociation,
we have

— (2)

Conventional macroscopic conservation equations are deduced
from Eqs. (1) and (2) in a standard manner, by multiplying the
equations by collisional invariants of translation-rotation col-
lisions, integrating over velocities, and summing over internal
levels. Thus, in particular, species conservation and vibrational
energy relaxation equations can be written as follows:

dnp

~dt
d-ripU

dr
= WD

dEv d-qv

(3)

(4)

Here, Wp and ep are source terms for molecular species and
their vibrational energy, respectively.

Considering, for example, the case of a dissociation with no
recombination, combined with harmonic oscillator model, we
have simply

Wp = KDn2
p (5)

ep = ((Ev - £V)/TV] - (EVD - Ev)KDnp (6)

where the subscript p has been omitted for simplicity in the
expression for vibrational energy.

The second term of Eq. (6) represents the influence of dis-
sociation on vibrational energy evolution.

More complicated expressions would be obtained when con-
sidering recombination, anharmonic oscillators, several reac-
tions etc. However, in the general development of the method,
presented next, these complicating factors are disregarded.

Thus, the expressions for KD and Evd have to be determined
to close the set of equations. Similarly, transport terms that
appear in other conservation equations have to be defined,
which is beyond the scope of this paper. The closure of these
equations is achieved by a Chapman-Enskog procedure.

Chapman-Enskog Procedure
Let rtr be the characteristic time of the translation-rotation

exchanges, rv the characteristic time of vibrational relaxation,
rc the characteristic time of the chemical exchanges, and 0 the
characteristic time of the flow. Then, the Boltzmann equation
for the molecules p has the nondimensional form:

at* ec
(7)

with

Ctr = Ttr/0, 6V = Tv/0, Sc =

From a physical point of view r^ < rv ^ rc (Figs. 1 and 2)
and, TI,. « 0 or etr « 1 (continuum regime).

Equation (1) may be solved by a Chapman-Enskog proce-
dure when assuming a certain hierarchy of the characteristic
times. This procedure is nonunique because of the different
possible nonequilibrium regimes. However, defining a small
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Fig. 1 Nitrogen characteristic times.
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Fig. 2 Oxygen characteristic times.

parameter e, one may conventionally expand the distribution
function to the first order

(8)

Now, taking into account the assumption e = e^ « 1, it
is necessary to specify the relative magnitude of the other
two parameters, ev and ec, excluding frozen regimes, sv » 1,
sc » 1, which present no significant interest. Thus, three pos-
sible cases are possible in the classical Chapman-Enskog pro-
cedure:

Case 1 = ev « 1 and ec « 1: So that e = e^, ev, sc « 1.
All characteristic times are smaller than 8, so that the zeroth-

order distribution function is in complete, but coupled, vibra-
tional, and chemical equilibrium. A weak nonequilibrium
(WNE) appears in the first order (cp,). This case, (WNE)V +
(WNE)C, is relevant only to flows close to equilibrium, and
may cover in the zeroth order the quasisteady state defined by
Park12:

J°c = 0 (9)

This case is of rather limited interest, and it will not be
further considered in this paper.

Case 2 = ev « 1 and sc ~ 1: Then the small parameter
would be e = etr, ev.

The dissociation-recombination regime is out of equilibrium
[strong nonequilibrium regime (SNE)] but, in the zeroth order,
the vibrational population remains in equilibrium. A weak vi-
brational nonequilibrium (WNE) appears in the first order. This
case, which we call (WNE)V + (SNE)C, corresponds to zones
for which rv « rc, excluding regions with strong gradients
(TV ~ 0).

Case 3 = ev ~ 1 and ec ~ 1: In this case the processes of
vibrational and chemical relaxation proceed simultaneously.
The small parameter of the expansion is e = e^. This case,
covering the zones of strong nonequilibrium, will be called
(SNE)V + (SNE)C. fl is out of equilibrium and an additional,
essentially translational-rotational, nonequilibrium appears in
the first order.

Cases 2 and 3 seem to be the most interesting cases to an-
alyze in practical situations, as can be seen in Figs. 1 and 2,
which show the relaxation times of various processes, T,, rr,
rv, and TD, for N2 and O2 as functions of temperature. It is clear
that case 2 is realized for N2 in a very wide temperature range,
and 3 is more restrictively valid for O2.

In Figs. 1 and 2, two different calculations of vibrational
relaxation time rv are represented.13'14 Overall, the comparison

of characteristic times shows that rv and rc have the same order
of magnitude beyond 10-12.103 K.

Examining case 3, we have the following system giving the
zeroth-order distribution function /° and the correction cp/:

At
TO , ro

•/ v ' ** c

(10a)

(10b)

The nonequilibrium is simultaneously present for vibration
and chemistry in the zeroth order, so that the coupling only
appears in the definition of rate constants for each level kD.
and kRj. These state-specific rate constants cannot be deter-
mined by the Chapman-Enskog procedure. Therefore, no new
information may be expected from the present method in the
zeroth order.

To define kD. and kR., any appropriate model may be used.
In particular, taking into account the definition of KQ

D and A^,
and assuming a dissociation probability independent of the vi-
brational level, the nonpreferential model of Marrone and
Treanor8 is reproduced. In the first order the Chapman-Enskog
solution gives the tr-c coupling term of the order of rjrc, as
expected, this ratio being generally very small.

Thus, case 2 seems the most interesting to examine using
the Chapman-Enskog method.

Case (WNE), + (SNE)C

/£ and <p/p are successively given by the following system:

df
- Jl + 7°

v c

(Ha)

(lib)

Accounting for only translation-rotation-vibration collisions,
f°ip is equal to

fl = np exp —
gir

2kTj Qr(T)Qv(T) (12)

with n = np + nq.
The corresponding macroscopic set of equations, giving n,

T, and u = v — c in the zeroth order, includes Euler equations
and a dissociation—recombination equation for np that does not
modify the Boltzmann distribution [Eq. (12)]. Considering
only the dissociating regime, we have from Eq. (3)

(13)

K% and KR are given by conventional Arrhenius expressions
depending only on T. On the other hand, they can be expressed
as sums of state-specific rates

(14)

with = nllnp
The first-order solution given by Eq. (lib) allows one to

calculate the perturbation cp/p to the Boltzmann distribution
and, consequently, the rate constants in this order. Thus

KD — / j (15)

with = n}plnp.
These values of rate constants are to be included in the Na-

vier- Stokes equations with the other transport and relaxation



BELOUAGGADIA AND BRUN 485

terms computed from q>ip. This computation may be performed
from Eq. (lib), i.e.,

dT= Aipc- —
or

du
Bipcc' —or

Dip
d - u-—
or Hipc-dp

(16)

where Xt = Ah Bi9 Dh Gh Ht are unknown scalar functions of
r, f, c, e/; and dp is proportional to pressure and concentration
gradients.

Each Xf term is expanded in Sonine—Wang Chang—Uhlen-
beck polynomials11:

x, = (17)

with x = a, b, J, h.
Only zeroth- and first-order terms are retained in expansion

(17), i.e., jcooo, x\ooi *oio» and jc00i, where each subscript corre-
sponds, respectively, to the order of expansion for translation,
rotation, and vibration.

It is easily verified that only /), and G, terms that correspond
to bulk viscosity and relaxation pressure, respectively, contrib-
ute to the value of £\p and, therefore, to K1

D. Thus, we have o?ooo
= gooo = 0

Gi =

mpc ir - E

sir - E,

where g and d terms include collisional integrals y^ and yc
usually found in expansions like that of Eq. (17).

By using Mason and Monchick simplifications,15 and assum-
ing that rv » rr (Figs. 1 and 2), one obtains

-
100 — "100 —

#100 = #010 = 0,

ytrv, accounting for translation-rotation-vibration exchanges
only, may be expressed in terms of phenomenological vibra-
tional relaxation time rv, i.e.,15

= -(Cvnplkrv) (18)

AT is also connected to the chemical (dissociation) time TD
~ (npK%)~\ and one finds

(19)
kT

Then, taking into account Eq. (15), one obtains for K1
D

with the simplified notation

g = gooi and d = dool = —5- rv

(20)

(21)

In the same way it is possible to compute, in the first-order,
vibrational energy El

v

(22)

It is easy to verify that the nonequilibrium terms in K1
D and

El
v depend on the deviation from the Boltzmann distribution

(g term ~TV/TD) and on the aerodynamic perturbation (d term
~rv/0), which is expected within the present method.

Now, if g and d are eliminated from Eqs. (20) and (22), a
direct relation between K1

D and El
v (or Tv) may be obtained,

that is,

kT CVT (23)

Thus, this expression represents the closing expression for KD
in Eq. (5).

Case (WNE), + (GCE)C

The previous method may not be applied close to chemical
equilibrium because it assumes an SNE for chemistry. How-
ever, an extension of the method that would include chemical
equilibrium may be developed using a generalized Chapman-
Enskog method for chemistry (GCE)C.16"18 Specifically, this is
done simply by adding a first-order chemical collisional term
Jl

c in Eq. (lib). Thus, the system [Eq. (11)] becomes

/; = 0 (24a)

-p = Jl + J°c + Jl (24b)

In Eq. (24b), the unknown 9, is included in Jl
v and also in

Jl terms, which assures the matching between nonequilibrium
and equilibrium solutions.

The procedure of solving Eq. (24b) is similar to that of Eq.
(lib). The only difference comes from reactive collisional in-
tegrals yc, which must be added to y^. These integrals may
also be expressed in terms of chemical times, TC or KD (and
KR). Thus,

8 =

d =
+ yc)

(25)

(26)

yc may also be expressed in terms of phenomenological chem-
ical time TC, and through macroscopic thermal reaction rate.
Thus, for dissociation, one finds

Ev - Evl

kT
(27)

with TD ~ (npK°Drl-
Equations (20) and (22) for K1

D and El remain valid, but g
and d must be replaced by Eqs. (25) and (26), so that the
difference between the corresponding values coming from yc
terms is mainly significant close to equilibrium, when TV/TD ~ 1.

The mean vibrational energy removed in the dissociation
act, EvD = EyD, may be computed from its definition. When the
equiprobable (nonpreferential) model is used for the state-spe-
cific dissociation rate constants, then the EvD = EQ

vD is equal to
0.5ED for a harmonic oscillator and OAED for an anharmonic
oscillator (see Appendix).

Finally, Eq. (23) for KD obtained from the previous case,
(W.N.E)V + (S.N.E)C, remains valid. Thus, we obtain a gen-
eralization of Eq. (23) for virtually any interesting nonequilib-
rium case.

Examples of the variation of \og(Kl
DIKQ

D) = log V(T, Tv) as
a function of Tv at a constant T are presented in Figs. 3 and
4. .Similar formulas are obtained for the recombination rate
constant K1

R involving EvR instead of EvD.
As for the expression for EvD that is necessary for the closure

of Eqs. (1) and (2), and more generally, Navier—Stokes equa-
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Fig. 5 Vibration energy lost per dissociation (fraction of disso-
ciation energy). T = 104 K. Nitrogen, Ul = ED/6k, U2 = ED/3k.

tions, it may be obtained from its definition using appropriate
models of state-specific rates and of the oscillator (see Appen-
dix). In Fig. 5, the variation of El

vD for N2, assuming the equi-
probable dissociation from all vibrational levels, is presented as
a function of Tv for a grain value of T and compared with val-
ues given by other models. There are quantitative differences
between the results but the trend is similar. Results obtained
from coupled vibration-dissociation-vibration (CVDV) mod-

els8 give higher values, and those computed with the SNE
model described earlier are identical to the nonpreferential
CVDV model, as in the case for values of KD.

Applications
The newly developed method of computation of dissociation

and recombination rate constants has been successively imple-
mented in three cases: 1) In a flow behind a normal shock
wave where dissociation dominates over recombination, 2) in
a supersonic nozzle where the recombination is the main phe-
nomenon, and 3) in the boundary layer of the end-wall of a
shock tube where complex nonequilibrium situation is the
cause of a pronounced non-Arrhenius behavior of rate con-
stants.

Normal Shock Waves
The evolution of K1

D calculated from Eq. (23) for N2 behind
shock waves at Mach 25 is represented in Fig. 6. This predic-
tion is compared to those given by other methods. The values
of K1

D are always smaller than KQ
D because of the coupling of

vibrational and chemical relaxation. It is seen in Fig. 6 that at
the beginning of the relaxation, when Tv « T, the rate con-
stants calculated by different methods are very different from
each other. In this zone, where Tv « T, the present method is,
strictly speaking, invalid, because the assumption of (WNE)V
was made in our derivations. However, because the dissocia-
tion rate in this zone is very low, the absolute values of KD
have no great importance for the overall dissociation process.
As the relaxation proceeds, close to vibrational equilibrium, all

1013
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^ 10"

109

0.00 0.03 0.06 0.09 0.12 0.15

X(cm)
Fig. 6 Dissociation rate constant behind a shock wave. Nitrogen,
M = 25, p = 8.5 Pa, T = 205 K.
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0.00 0.20 0.40 0.60 0.80 1.00
(E-1)

X(cm)
Fig. 7 Dissociation rate constant behind a shock wave. Oxygen,
M = 25,p = 8.5 Pa, T = 205 K.
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Fig. 8 Dissociation rate constant behind a shock wave. Oxygen,
M = 19, p = 9.9 Pa, T = 235 K.
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X(cm)
Fig. 9 Recombination rate constant K1

R along a supersonic nozzle.
Nitrogen, T0 = 6500 K, P0 = 1.53 x 108 Pa, divergent angle = 10
deg. a, harmonic oscillator; b, anharmonic oscillator.

models converge to the thermal dissociation rate, making the
difference between the models small. The discrepancies be-
tween different models also decrease as the Mach number in-
creases (Figs. 7 and 8), but the disagreement still reaches up
to several orders of magnitude during most of the relaxation.

The evolution of K1
D in O2, represented in Fig. 8 for Mach

19, presents a minimum similar to that found with another
model3, but the absolute values of the rate are different.

Nozzle Expansion
In this case recombination is the prevalent chemical process.

Starting from reservoir conditions for which a diatomic gas A2
is partially dissociated (Fig. 9), the two recombination pro-
cesses are

A + A + A <=>A2 + A, A2 + A + A + + A2

Considering the previous analysis, only the recombination rate
constant of the second reaction K^ is essentially affected by
the vibrational nonequilibrium, and this rate constant is

CvT kT

where EvR (=EvD) is the vibrational energy gained in the recom-
bination.

Assuming a one-dimensional nitrogen flow in the nozzle,
the values of KR2 may be easily computed and their evolution
along the nozzle is shown in Fig. 9. These values are greater
than the equilibrium rate constant K&, because of the freezing
of the vibration in the expansion resulting in overpopulation
of upper levels. However, the quantitative effect of vibrational
nonequilibrium on the recombination rate constant is not as
important as that behind a shock.

Shock-Tube End-Wall Boundary Layer
We performed computations of vibrationally relaxing and

dissociating diatomic gas behind a reflected shock at the end-
wall of a shock tube. The time evolution of the end-wall
boundary layer was analyzed and, as previously observed,11

the vibrational nonequilibrium through the boundary layer de-
creases monotonically between the shock and the wall during
the early stages of the relaxation following the reflection. Then,
as time goes on, a minimum appears close to the wall (Fig.
10), so that in the outer part of the boundary layer Tv < T, as
is usual behind a shock, while in the inner part there is a
freezing zone, where Tv > T. This behavior of vibrational tem-
perature results in a maximum of the dissociation rate, because
K1

D > K°D, where Tv > T and K1
D < KQ

D, where Tv < T (Fig. 11).
To conclude this section, we note that in this case, the wall
was assumed fully catalytic for vibration and chemistry. For a
noncatalytic wall, there may be an increase of K1

D close to the
wall.19

1.50

Fig. 10 Relative deviation from equilibrium vibrational energy
across the end-wall boundary layer behind a reflected shock. Ni-
trogen, incident shock Mach number = 6. Initial temperature and
pressure: T = 295 K, p = 22 x 10~4 bar. t is the time after reflec-
tion, in seconds.

1.50

Fig. 11 Behavior of rate constant in the boundary layer. Same
conditions as in Fig. 10.
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Appendix: Computation of Vibrational Energy
Lost per Dissociation

The definition of Evd is

Evn — '

,dc

At the zeroth order of the distribution function, one has

dOdc>»=-E f /?/?*»/

An explicit model for kDi is needed to calculate EvD. If the
nonpreferential CVDV mdoel is adopted, with an assumption
of harmonic oscillator, one finds

_ Z7 —
— *-*v£> —

kO(N -

which is practically equal to Q.5ED for O2 and N2. For anhar-
monic oscillator models, one finds:

for N2, E°vD = 0.45ED for O2

In the first order of the distribution function

JD=~ + 9, + dc

Finally

ft £v]l
r kT\]

Conclusions
The development of a GCE method combined with the hi-

erarchy of characteristic time scales makes a new approach to
the vibration-dissociation coupling possible. In this paper, ex-
plicit formulas for rate constants and vibrational energy con-
sumption have been derived that are valid in most nonequili-
brium situations. In the future, applications to flows more
sophisticated than those in the present paper, and to gas
mixtures like air, could be considered.
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